Abstract: Acquired drug resistance is a major limitation for successful treatment of cancer. Resistance emerges due to drug exclusion, drug metabolism and alteration of the drug target by mutation or overexpression. Depending on therapy, the type of cancer and its stage, one or several genetic or epigenetic alterations are necessary to confer resistance to treatment. The fundamental question is the following: if a genetically diverse population of replicating cancer cells is subjected to chemotherapy that has the potential to eradicate it, what is the probability of emergence of resistance? Here, we review a general mathematical framework based on multi-type branching processes designed to study the dynamics of escape of replicating organisms from selection pressures. We apply the general model to evolution of resistance of cancer cells and discuss examples for diverse mechanisms of resistance. Our theory shows how to estimate the probability of success for any treatment regimen.
INTRODUCTION
Drug resistance can result from two general causes [1] : (i) host factors such as poor absorption and rapid metabolism reduce the maximum achievable serum levels of the drugthis is sometimes referred to as intrinsic resistance, and (ii) specific genetic or epigenetic alterations enable resistant cancer cell clones to outgrow and escape from otherwise effective treatment. The main mechanisms of cellular resistance are depicted in Fig. (1) . Some of these mechanisms, such as loss of a cell surface receptor or transporter, specific metabolism and an increase or alteration in the drug target, result in resistance to only a small number of related chemotherapeutic agents. Other mechanisms, however, lead to simultaneous resistance to many structurally and functionally unrelated drugs. This phenomenon is known as multidrug resistance [1, 2] and can result from changes that limit accumulation of drugs within cells by decreasing uptake, enhancing efflux, or affecting membrane lipids [3] , block apoptosis which is activated by most anticancer drugs [4] , induce general response mechanisms that detoxify drugs and repair DNA damage [5] , and modulate the cell cycle [6] and checkpoints [7] .
Many genes have been identified that contribute to diverse mechanisms of resistance to chemotherapy [8] : amplification or overexpression of the P-glycoprotein family of membrane transporters (e.g., MDR1, MRP, LRP) which decrease intracellular drug accumulation; changes in cellular proteins involved in detoxification (e.g., glutathione Stransferase pi, metallothioneins, human MutT homologue, bleomycin hydrolase, dihydrofolate reductase) or activation of the chemotherapeutic drugs (DT-diaphorase, NADP: cytochrome P-450 reductase); changes in molecules involved in DNA repair (e.g., O6-methylguanine-DNA methyltransferase, DNA topoisomerase II, hMLH1, p21WAF1/CIP1); and activation of oncogenes such as Her-2/neu, bcl-2, bcl-XL, c-myc, ras, c-jun, c-fos, and MDM2 as well as inactivation of tumor suppressor genes like p53 can all confer resistance to therapy. The number of genetic or epigenetic alterations necessary for escape from therapy depends on the patient's genetic background, the therapy administered, and the type of cancer and its stage. Here, we will discuss mechanisms of resistance brought about by one or two genetic alterations. The following listing is not intended to be exhaustive, but serves to demonstrate the principle of escape from therapy via one or two alterations.
One alteration. Several genes confer cancer drug resistance if affected by a single genetic alteration. For example, single point mutations in alpha-or beta-tubulin confer resistance to hemiasterlins, which are sponge-derived tripeptides that inhibit cell growth by depolymerizing existing microtubules and inhibiting microtubule assembly [9] . Overexpression of Bcl-2 abrogates the short-term apoptotic response to chemotherapy and correlates with a poor long-term outcome [10] . Activation or overexpression of c-myc can induce and modulate drug resistance [11] . Similarly, mutation or overexpression of PI3K or Ras leads to increased radioresistance [12] . Upregulation of the transcription factor Ets-1 confers resistance to the DNA damaging agent cisplatin via transcriptional regulation of metallothioneins and DNA repair enzymes [13] . Several N-terminal and core-domain mutations have been identified in human topoisomerase II alpha, each of which is sufficient to confer bisdioxopiperazine resistance [14] . Overexpression of glutathione-S-transferases, a family of detoxification enzymes, is also implicated in the development of resistance toward chemotherapy agents [15] . Increased expression of the transcription factor NF-κB induces drug resistance through MDR1 expression in cancer Fig. (1) . Cellular factors that cause drug resistance. Cancer cells become resistant to anticancer drugs by several mechanisms. One way is to pump drugs out of cells by increasing the activity of efflux pumps, such as ATP-dependent transporters. Alternatively, resistance can occur as a result of reduced drug influx -a mechanism reported for drugs that enter on intracellular carriers or by means of endocytosis. Through compartmentalization, drug concentrations in the cytosol can be limited. In cases in which drug accumulation is unchanged, activation of detoxifying proteins can promote drug resistance. Cells can also activate mechanisms that repair drug-induced DNA damage, and disruptions in apoptotic pathways allow cells to become resistant to drug-induced cell death. Finally, alterations of cell cycle checkpoints or drug targets confer resistance to cancer therapy.
cells [16] . Overexpression of HER-2 represents a resistance mechanism to hormonal therapy in breast cancer [17] . Amplification or increased expression of p-glycoprotein confers multidrug resistance [18] .
Two alterations. Other mechanisms of escape from therapy require two genetic alterations, either because of haplosufficiency of a gene such that one recessive mutation cannot confer resistance, or because of the use of combination therapy targeting two different positions in the cancer genome. For example, homozygous or compound heterozygous inactivation of p53 leads to acquired resistance to gamma irradiation and chemotherapy [4, 19] . Similarly, inactivation of both alleles of ATM confer resistance to therapy [20] ; so does homozygous inactivation of Rb [21] . The cyclin dependent kinase inhibitors p16 and p18 can also be involved in resistance if inactivated in both alleles [22] . Loss of DNA mismatch repair due to hMLH1 hypermethylation or inactivation causes resistance to 5-fluorouracil in colorectal cancer [23] .
The accumulation of specific genetic alterations leading to acquired drug resistance is greatly accelerated by genetic instability. Genetic instability is a defining characteristic of human cancers [24] . Two main types of genetic instabilities have been identified: in a small fraction of colorectal, endometrial, gastric and some other cancers, inactivation of the mismatch repair pathway leads to an elevated point mutation rate called microsatellite instability (MIN) [25, 26] ; the majority of cancers, however, has chromosomal instability (CIN) [27] . CIN refers to an increased rate of losing or gaining whole chromosomes or large parts of chromosomes during cell division. The consequence of CIN is an imbalance in chromosome number (aneuploidy) and an increased rate of loss of heterozygosity (LOH). An elevated rate of LOH is an important property of CIN, because it accelerates the inactivation of tumor suppressors and other recessive genes [28] [29] [30] .
CALCULATING THE PROBABILITY OF RESISTANCE
Consider a population of cancer cells that grows according to a continuous time branching process [31, 32] . At each time step, a cell either produces an offspring or dies. If each cell produces on average more than one new cell, then the basic reproductive ratio [33] is larger than one, r > 1, and the cancer grows over time. If a cell dies with probability a and divides with probability b per time step, then the basic reproductive ratio is given by r = b/a. Therapy reduces the basic reproductive ratio either by increasing the death rate, decreasing the growth rate or both. Denote the basic reproductive ratio during therapy by R. If R still exceeds one, then therapy can reduce the rate of cancer growth, but is not capable of eradicating it. If R is less than one, however, then each cell produces on average less than one new cell, and therapy can eradicate the cancer. At the time of initiating therapy, there are N cancer cells. In this first model, we assume that all these cells are genetically identical. Thus we ignore genetic heterogeneity and we do not consider the possibility of resistance mutations. Under these limiting assumptions, the probability that the cancer population is eradicated by therapy is given by
Therefore, successful therapy requires the basic reproductive ratio during therapy to be less than one, R < 1. This means that the cancer cells are sensitive to therapy and the cancer cell population decreases over time because each cell produces on average less than one new cell. However, if R is larger than one and there is a reasonably large number of cancer cells, then treatment will certainly fail. This means that the cancer cells are resistant to therapy and the cancer cell population increases over time because each cell produces on average more than one new cell. The probability of success depends on the total number of cancer cells: the larger the population size, the less likely is extinction due to random (chance) events; in a small population, however, random extinction is possible.
One Step to Resistance
Let us now consider genetic heterogeneity. In the simplest case, there are two types of cancer cells (Fig. 2) . Type 0 cells are sensitive to therapy. Their basic reproductive ratio during therapy is less than one, R 0 < 1. Type 1 cells are resistant to therapy. Their basic reproductive ratio during therapy is larger than one, R 1 > 1. Suppose that resistant cells are not present in the cancer before the beginning of treatment. They could have a strong selective disadvantage in the absence of therapy and/or the mutation rate at which they are being produced could be very low. Hence the cancer consists of N sensitive cells at the beginning of therapy. During therapy, however, resistant cells are being produced from sensitive cells at rate u per cell division. The probability of successful therapy [34, 35] is given by
This probability holds in the limit of a small mutation rate, 0 < u << 1 -R 0 and 0 < u << R 1 -1. Fig. (2) . One step to escape. Cells that are sensitive to cancer therapy are denoted by type 0. These cells have basic reproductive ratio less than one, R 0 < 1, and each such cell produces on average less than one new cell. Mutation at rate u per cell division gives rise to resistant cells denoted by type 1. These cells have basic reproductive ratio in excess of one, R 1 > 1, and each such cell produces on average more than one new cell.
Suppose the mutation rate conferring resistance is u = 10 ductive ratio R 1 = 1.1 during therapy. This means that each sensitive cell has a 90% chance of producing one new cell, which is sensitive with probability 1 -u and resistant with probability u. Each resistant cell produces on average 1.1 new resistant cells. If the population size at the start of therapy is N = 10 6 , then the probability of successful therapy is very close to 100%. If, however, the initial population size is N = 10 9 , then the probability of success drops to 44%. This means that therapy will eradicate the cancer in 44% of patients but fail in the remaining 56%. Now consider a mutation rate of u = 10 -7 per cell division. With the basic reproductive ratios being as before, the probability of success is 92% for N = 10 6 and essentially 0% for N = 10 9 .
Type 1 cells, however, might preexist in the cancer prior to the onset of therapy. Assume that at the beginning of therapy, the cancer consists of N 0 cells of type 0 and N 1 cells of type 1. In this case, the probability of successful therapy [34, 35] is given by
Suppose the mutation rate conferring resistance is u = 10 -9
per cell division. Assume sensitive cells have basic reproductive ratio R 0 = 0.9 and resistant cells have basic reproductive ratio R 1 = 1.1 during therapy. Consider a cancer consisting of N 0 = 10 6 sensitive cells. If there is one resistant cell at the start of therapy, N 1 = 1, then the probability of success is 91%. In contrast, if there are ten resistant cancer cells at the start of therapy, N 1 = 10, then the probability of success is only 40%. With the same basic reproductive ratios as before and with N 0 = 10 9 , the probability of resistance is 40% if N 1 = 1 and 18% if N 1 = 10. Now suppose the mutation rate conferring resistance is u = 10 -7 per cell division. Again, assume reproductive ratios of R 0 = 0.9 and R 1 = 1.1 during therapy. For N 0 = 10 6 , the probability of success is 84% if N 1 = 1 and 37% if N 1 = 10. For N 0 = 10 9 , however, the probability of success is 0% both if N 1 = 1 and if N 1 = 10.
Alternatively, assume that the cancer cells are in a mutation-selection balance at the start of therapy. The relative fitness values of type 0 and type 1 cells in the absence of therapy are denoted by w 0 and w 1 , respectively. Without loss of generality, we set w 0 = 1 and 0 < w 1 < 1. If w 1 = 0, then type 1 cells are lethal; if w 1 = 1, then they are neutral as compared with type 0 cells. If w 1 < 1, then there is a mutation-selection balance between the two cell types prior to therapy. The equilibrium number of type 1 cells in the absence of therapy is N 1 = N 0 u/(1 -w 1 ). This equation holds in the limit of small mutation rates, u << 1 -w 1 . The probability of successful therapy [34, 35] is given by
for 0 < w 1 < 1.
Suppose the mutation rate conferring resistance is u = 10 , then the probability of success is close to 100%. If the cell population at the start of therapy is N 0 = 10 9 , then the probability of success is around 18%. Table ( 
Emergence Versus Pre-Existence of Resistance
A major question is whether resistance mutations preexist in the cancer or arise only after the onset of therapy. In the former case, therapy will most likely fail, unless the frequency of resistant cells at the start of therapy is very small and they have a basic reproductive ratio only marginally larger than one. In the latter case, however, therapy might succeed if the cancer size at the start of therapy is small and therapy can impose a sufficiently strong selection pressure such that sensitive cells decline quickly without producing resistance mutants. How can we quantify this statement? In eq. 4, the term R 0 /(1 -R 0 ) describes the relative contribution to treatment failure caused by resistance mutations that Michor et al.
emerge during therapy. The term 1/(1 -w 1 ) describes the relative contribution to treatment failure caused by mutations that preexist before therapy. Therefore, the ratio of emerging to preexisting resistance is given by
For example, if R 0 = 0.1 and w 1 = 0.9, then ρ = 0.011. Hence preexisting resistance contributes 90 times more to treatment failure than emerging resistance. If on the other hand R 0 = 0.9 and w 1 = 0.1, then ρ = 8.1. Hence emerging resistance contributes about 8 times more to treatment failure than preexisting resistance. Similar questions have been studied in the context of HIV infection [36] [37] [38] [39] [40] and bacterial resistance [41] .
The Maximum Cancer Size Compatible with Success
Is there a rule of thumb for the maximum size of a cancer that allows for a substantial probability of success? From eq. 4 we see that the critical population size is given by Fig. (3) . Probability of successful therapy. There are two types of cells: sensitive cells, type 0, have a relative fitness value of w 0 = 1 in the absence of therapy and a basic reproductive ratio R 0 < 1 during therapy; resistant cells, type 1, have a relative fitness value of w 1 in the absence of therapy and a basic reproductive ratio R 1 > 1 during therapy. At the start of therapy, the cells are in a mutation-selection balance. The probability of successful therapy is given by eq 4. Parameter values are R 1 = 2; R 0 = 0.9 and w 1 = 0.9 (thin lines) and R 0 = 0.5 and w 1 = 0.5 (thick lines); and u = 10 -7 (solid) and u = 10 -9 (broken).
If the cancer size by far exceeds this critical size, N 0 >> * N 0 , then success is nearly impossible. However, if the cancer * size is well below this critical size, N 0 << N 0 , then success is almost certain. In the unlikely case that the size of a cancer at the start of therapy is very close the critical population size, * N 0 = N 0 , the probability of success is 1/e ≈37%.
Suppose the mutation rate conferring resistance is u = 10 . If the cancer greatly exceeds this size at the start of therapy, then the therapeutic outlook is dim; it is promising, in contrast, if the cancer size is well below this critical size at the start of therapy. The exact probability of resistance can be calculated using the equations outlined above. If R 0 = 0.9 and w 1 = 0.9, then the criti- We see that the total population size is decisive for the outcome of therapy. If the number of actively replicating or viable cancer cells is greater than a certain threshold, which is usually close to the inverse of the mutation rate, then treatment failure is almost certain. Many solid tumors are detected when their diameters have reached one or a few centimeters. If this size correlates with cell numbers of about 10 9 to 10 11 , then most of these tumors will exceed the critical size for mutation rates of about u = 10 -9 and therefore the probability of successful therapy will be low. However, not all of these cells might be viable: often, the center of a tumor is necrotic and thus the cell numbers might be lower than calculated from the diameter. Also, only some cancer cells might actively replicate -others can be dormant or dividing only a few times before undergoing terminal differentiation (see Section 3). Thus, the effective population size of a cancer can be a subset of all cancer cells.
There are two ways to combat treatment failure due to evolution of resistance mutations: development of diagnostic tools that detect cancers at smaller size or development of treatments that require multiple mutations for resistance. The latter brings us to the next section.
Two Steps to Resistance

R
Let us now assume that two genetic or epigenetic alterations are needed to confer resistance to a particular cancer therapy. We consider four types of cells: cells that are wild type in both positions are denoted by 00; cells that have either position mutated are denoted by 01 and 10; all these cells are sensitive to therapy. Finally, cells that have both positions mutated are denoted by 11; these cells are resistant to therapy (Fig. 4a) . The rates at which the two positions are mutated per cell division are denoted by u 1 and u 2 . In the absence of therapy, the fitness values of the cells are given by w 00 , w 01 , w 10 and w 11 , respectively. Wild type cells have fitness w 00 = 1, whereas all others have fitness less than one. During therapy, the basic reproductive ratios are given by 00 , R 01 , R 10 and R 11 . Resistant cells have a basic reproductive ratio in excess of one, whereas all other cells have basic reproductive ratios less than one. The probability of successful therapy [34, 35] of a cancer of size N is given by
The parameter z = 1 -1/R 11 denotes the probability that a cellular lineage starting from one resistant cell escapes from therapy. The risk coefficient, C, is given by Let us discuss the individual contributions to the risk coefficient, C, in detail (Fig. 4b) . The risk coefficient is determined by the distribution of the four different cell types at the start of therapy and the probabilities that cellular lineages, each starting from a single cell of a different type, es-b x cape from therapy. The initial distribution of the cell types results from the mutation-selection balance in the absence of therapy. Denote the relative abundances of the individual types at the start of therapy by x 00 , x 01 , x 10 and x 11 . These frequencies depend on the fitness values of the cells as well as the mutation rates at which they are being produced [34, 35] . The frequency of cells that are wild type in both positions, x 00 , is close to one. This approximation holds for small mutation rates u 1 and u 2 ; both mutation rates must be much smaller than l -w i for i = 01, 10, The escape probability of a lineage starting with one cell of type 00, 01, 10, or 11 is denoted by p 00 , p 01 , p 10 and p 11 ,
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respectively. These probabilities depend on the basic reproductive ratios of the cells as well as the mutation rates at which they are being produced [34, 35] . The escape probability of a lineage starting with one cell of type 00 is given by p 00 = u 1 u 2 a 00 (1 + a 01 + a 10 )z where z = 1 -1/ R 11 . The first term in the brackets indicates the contribution of the direct mutation from 00 to 11, while the second and third terms indicate sequential mutations via 01 and 10, respectively. Direct mutation from 00 to 11 is more important than sequential mutation from 00 via 01 to 11 if R 01 < 1/2. Likewise, direct mutation from 00 to 11 is more important than sequential mutation from 00 via 10 to 11 if R 10 < 1/2. Obviously, the more deleterious cells 01 and 10 are, the more important direct mutation becomes [34, 35] . The escape probabilities of lineages starting with one cell of type 01 or 10, respectively, are given by p 01 = u 1 a 01 z and p 10 = u 2 a 10 z. Finally, the escape probability of a lineage starting with one cell of type 11 is p 11 = z = 1 -1/ R 11 . The mutation-selection balance distribution of the cell types and the escape probabilities of single lineages give rise to the risk coefficient [34, 35] .
Let us now discuss numerical examples. Assume the basic reproductive ratios during therapy are R 00 = R 01 = R 10 = 0.9 and R 11 = 1.1. Suppose the fitness values in the absence of therapy are w 00 = 1 and w 01 = w 10 = w 11 = 0.9. If the rates at which the two positions are altered per cell division are u 1 = u 2 = u = 10 -9 , then the probability of success is very close to 100% for both N = 10 9 and N = 10
12
. If the mutation rates per cell division are u 1 = u 2 = u = 10 -7 , then the probability of success is very close to 100% for N = 10 9 and about 60% for N = 10
. If the mutation rates are u 1 = u 2 = u = 10 -5 -either due to microsatellite instability (MIN) or DNA damaging therapy inducing higher mutation rates -then the probability of success is 0.6% for N = 10 9 and essentially 0% for N = 10 12 .
w Now assume the basic reproductive ratios during therapy are R 00 = R 01 = R 10 = 0.1 and R 11 = 1.1 and suppose the fitness values in the absence of therapy are w 00 = 1 and w 01 = 10 = w 11 = 0.1. If u 1 = u 2 = u = 10 -9 and if u 1 = u 2 = u = 10 -7 , then the probability of success is again very close to 100% for both N = 10 9 and N = 10 12 . If u 1 = u 2 = u = 10 -5 , then the probability of success is 96% for N = 10 9 and 0% for N = 10 12 . Table ( 1b) provides examples of further parameter choices.
Tumor Suppressor Gene Inactivation
Some cancers can acquire resistance to therapy by means of the inactivation of a tumor suppressor gene (TSG). First, suppose that both alleles of the TSG are wild type, TSG +/+ , in all cells at the beginning of therapy. During therapy, TSG +/+ cells have basic reproductive ratio R 00 < 1 and are sensitive to therapy. However, they can accumulate genetic alterations inactivating both TSG alleles. The first allele is usually inactivated by a point mutation, whereas the second allele can be inactivated either by a second point mutation or a loss of heterozygosity (LOH) event (Fig. 5) . Denote the mutation rate per gene per cell division by u, and the rate of LOH by p. The first allele is inactivated at rate 2u per cell division, because either of the two alleles can be inactivated first. Once the first TSG allele has been inactivated, TSG +/-, cells have basic reproductive ratio R 01 < 1 and are sensitive to therapy. If their basic reproductive ratio is the same as the basic reproductive ratio of wild type cells, R 00 = R 01 , then the TSG is strictly recessive and inactivation of one allele does not alter the reproductive capabilities or death rates of cells during therapy. If R 00 < R 01 < 1, then the TSG is haploinsufficient and inactivation of one allele can increase the growth rate or decrease the death rate of cells during therapy. The remaining allele is inactivated at rate u + p per cell division. Once both TSG alleles have been inactivated, TSG -/-, the cells are resistant to therapy and have basic reproductive ratio R 11 > 1. At the beginning of therapy, the cancer consists of N wild type cells, TSG +/+ . The probability of successful therapy [34, 35] is given by
R
Assume that the mutation rate is about u = 10 -7 per allele per cell division; the point mutation rate has been measured to be around 10 -10 per base per cell division [50] , and a typical TSG allele might be inactivated by any one of 1000 point mutations. The rate of LOH might be about p = 10 -6 in genetically stable cells; in genetically unstable cells, however, the rate of LOH has been determined to be p = 10 -2 per cell division [51] . Suppose the basic reproductive ratios of both wild type cells and cells with one inactivated TSG allele are 00 = R 01 = 0.1, and the basic reproductive ratio of cells with two inactivated TSG alleles is R 11 = 1.1. Then the probability Fig. (5) . Inactivation of a tumor suppressor gene (TSG). First, both alleles of the TSG are wildtype, +/+. The first allele is inactivated at rate 2u per cell division; the mutation rate per allele per cell division is denoted by u, and either of the two alleles can be inactivated first. Once the TSG is heterozygously inactivated, +/-, the second allele of the TSG is inactivated at rate u+p, where p denotes the rate of loss of heterozygosity (LOH). Then the TSG is homozygously or compound heterozygously inactivated, -/-.
R R
of successful therapy is very close to 100% if the cancer initially consists of N = 10 9 or N = 10 12 genetically stable cells wild type with respect to the TSG. If the cancer initially consists of N = 10 9 genetically unstable cells, however, then the probability of successful therapy is 98%. This chance drops to 0% if N = 10 12 . Now assume basic reproductive ratios of 00 = R 01 = 0.9 and R 11 = 1.1. In that case and with genetically stable cells, the probability of successful therapy is close to 100% for N = 10 9 and 17% for N = 10
12
. With genetically unstable cells, the probability is 0% both for N = 10 9 and N = 10 12 . Finally, consider R 00 = 0.1, R 01 = 0.5 and 11 = 1.1. Now the probability of success is close to 100% for N = 10 9 and 98% for N = 10 12 genetically stable cells, and 82% for N = 10 9 and 0% for N = 10 12 genetically unstable cells.
Cells with one or two inactivated TSG alleles, however, can preexist in the cancer before the onset of therapy. Suppose that at the start of therapy, the cancer consists of N 00 cells wild type with respect to the TSG, TSG +/+ , N 01 cells with one inactivated TSG allele, TSG +/-, and N 11 cells with two inactivated TSG alleles, TSG -/-. In that case, the probability of successful therapy [34, 35] is given by
This probability holds in the limit of small mutation rates, (u + p) << 1 -R 00 , 1 -R 01 , R 11 -1.
10
R Again, assume that the mutation rate is u = 10 -7 per allele per cell division, and the rate of LOH is p = 10 -6 in genetically stable cells and p = 10 -2 in genetically unstable cells. Suppose the basic reproductive ratios are R 00 = R 01 = 0.9 and 11 = 1.1. First, assume all cells are genetically stable. Suppose the cancer initially consists of N 00 = 10 9 cells with two wild type TSG alleles, N 01 = 100 cells with one wild type TSG allele and N 11 = 1 cell with zero wild type TSG alleles. Then the probability of successful therapy is 91%. If N 00 = 12 , N 01 = 1000 and N 11 = 0, then the probability of success is 17%. If N 00 = 10 12 , N 01 = 1000 and N 11 = 1, however, then the probability of success is 15%. Now assume all cells are genetically unstable. Then the probability of success is 0% for all combinations of parameter values used above.
What is the critical population size that correlates with a substantial probability of success if two alterations are needed for escape from therapy? Assume that at the beginning of therapy, the cancer consists of N wild type cells, TSG +/+ . Then the maximum population size that can be contained by therapy is given by -1
For example, if R 00 = R 01 = 0.9, R 11 = 1.1, u = 10 -7 , and p * = 10 -6 , then the critical population size is N = 6·10 11 . If the number of cancer cells in a patient is below this threshold, then the therapy will be successful; if it is above, failure is likely. If the cancer cells have chromosomal instability, however, then p = 10 -2 and the critical population size re-
. Thus the response to therapy crucially depends on whether or not a particular cancer has already evolved some form of genetic instability.
n Steps to Resistance
Now suppose that n genetic alterations in specific positions of the genome are necessary for resistance to cancer therapy. Without loss of generality, the genomes of the population can be described as binary strings of length n. There are m = 2 n possible cell types, enumerated by i = 0, ..., m. We refer to the cell type unmutated in all positions, 0...0, as 'wild type' cancer cells with index 0; cells mutated in all positions, 1...1, are resistant mutants with index m. In the absence of therapy, cell types i have fitness values w i with 0 < w i < 1. Hence, the distribution of cancer cells at the beginning of therapy is determined by their fitness values, w i . Therapy reduces the proliferation capabilities of sensitive cell types such that their reproductive ratios, R i , are less than one; resistant cell types, however, have reproductive ratios in excess of one.
First, assume that all cells except the wild type, 0, have the same fitness, w < 1, in the absence of treatment and assume that all cells except escape mutants, m, have the same basic reproductive ratio, R < 1, during treatment. The rate at which any position is mutated per cell division is given by u.
Evolution of Resistance to Cancer Therapy
Then the probability of successful therapy [34, 35] is given by n P = exp (-NC n u z).
Here z = 1 -1/R m . If the n mutations can occur in any order, then the risk coefficient, C n , is given by
where a = R/(1 -R) and b = 1/ (1 -w) . The function f is recursively defined as
This scenario accounts for all possible transitions from cell type 0 to cell type m, including single and multiple mutation steps. Multiple simultaneous mutations cannot be neglected in the calculation because intermediate mutants have frequencies of the order of the mutation rate [31] . If, however, the n mutations must occur in a particular order, then the risk coefficient is given by
The general mathematical framework can be applied to any mutation-selection network describing arbitrary mutation and fitness landscapes. We can include multiple resistant mutants and neutral networks. If all intermediate mutants are deleterious, then the probability of successful therapy [34, 35] is given by
Here position i is mutated with probability u i per cell division. In a special case, all mutation rates are the same, 
DISCUSSION
In this paper, we have presented how to calculate evolutionary dynamics of resistance to any treatment regimen. We have outlined how to determine the probability of successful therapy if one or two genetic or epigenetic alterations are needed to confer resistance. We have discussed different assumptions for the distribution of resident and resistant cancer cells at the start of therapy: initially, the cancer can entirely consist of sensitive cells; alternatively, partial or fully resistant mutants can already be present in the cancer when therapy is started. These cells can be in a mutation-selection balance with the resident cancer cells. We have discussed different mutation rates as well as different fitness landscapes and their effects on the risk of resistance mutations. We have analyzed the inactivation dynamics of tumor suppressor genes and have discussed the effect of haploinsufficiency on resistance to cancer therapy. Our theory can determine the probability of success for arbitrary networks of n mutations necessary for resistance.
We presented a rule of thumb for estimating the risk of resistance from the cancer size at diagnosis. If the number of viable, actively replicating cancer cells by far exceeds a * critical threshold size, N , then the therapeutic outlook is dim. If the number of cancer cells is well below this threshold, however, then therapy is likely to succeed. The critical population size is approximately given by the inverse of the mutation rate -therefore, the critical size is much smaller for a cancer with genetic instability than for a cancer with normal mutation rates. The chance of successful therapy is thus much lower for cancers with genetic instability.
Our theory represents a simple approach to the complex phenomenon of cancer resistance. We consider resident and (intermediate as well as fully) resistant cancer cells but exclude the complicated interplay of cancer cells with endothelial cells, stromal cells, immune system cells and normal cells residing in the tissue. The analysis of the situations arising under these circumstances requires frequency-dependent fitness and cannot be approached using our framework. Our calculations are based on multi-type branching processes that describe the accumulation of mutations in independent lineages.
Human cancers are highly heterogeneous. Although some of the heterogeneity in cancers arises as a result of continuing mutagenesis, it can also be due to the aberrant differentiation of cancer cells. Many types of tumors contain cancer cells with heterogeneous phenotypes reflecting differentiation hierarchies that normally occur in healthy tissues. Thus, both normal stem cells and tumorigenic cells give rise to phenotypically heterogeneous cells that exhibit various degrees of differentiation. There is some evidence that only a subset of cancer cells, so called cancer stem cells, are capable of extensive proliferation [52] . For example, human AML stem cells could be identified and purified as CD34 +
CD38
-cells from patient samples [53] . Despite the fact that these cells represented a small proportion of AML cells (0.2% in one patient), they were the only cells capable of transferring AML from human patients to NOD/SCID mice in the vast majority of cases. It has also been shown for solid tumors that the cells are phenotypically heterogeneous and that only a small proportion of cells are clonogenic in vitro and in vivo [54] [55] [56] . For example, only 1 in 1000 to 1 in 5000 lung cancer, ovarian cancer or neuroblastoma cells were found to form colonies in soft agar [57] .
Conventional therapies may shrink cancers by killing mainly cells with limited proliferation potential. Cancer stem cells, however, might be less sensitive to therapies and may remain viable throughout treatment to re-establish the cancer. For example, Philadelphia chromosome-positive hematopoietic stem cells are insensitive to imatinib therapy [58] . Initially successful therapies are thus doomed. In contrast, if therapies can be targeted against cancer stem cells, then they might render the cancers unable to maintain themselves or expand. Thus, even if cancer stem cell-directed therapies do not deplete cancer cells initially, they might eventually lead to cures.
